“Symmetry, as wide or as 
narrow as you may define 
it, is one idea by which man 
through the ages has tried 
to comprehend and ercate 
order, beauty, and 
perfection.” Hermann Weyl, 
Symmetry 


I3 SYMMETRIC 
SPACES 


Euclid implicitly assumed that metric relations are unaffected by translations 
or rotations. Real gravitational fields do not usually have such a high degree of 
symmetry, but they often admit some group of approximate symmetry trans- 
formations, and when they do, we can use this information to help solve the 
Einstein equations, or even to do without a solution. I shall give only a very 
brief introduction to the elaborate mathematical theory of symmetric spaces, 
with special attention to the maximally symmetric spaces that are of special 
interest in cosmology. 

The initial difficulty here is: How can we use some supposed symmetry of a 
metric space to gain information about the metric, when we need to know the 
metric before we can establish a coordinate system in which to define the 
symmetry ? In order to avoid this impasse, we shall have to learn ways of describ- 
ing symmetries in a covariant language, which does not depend on any particular 
choice of coordinate system. Once this language is established, it becomes a matter 
of mathematical manipulation to determine those properties of a metric that 
follow from its symmetries. 


A metric g,,(x) is said to be form-invariant under a given coordinate trans- 
formation x —> 2’, when the transformed metric g/,,(x’) is the same function of its 
argument x as the original metric g,,,(x) was of ts argument 2", that is, 


Jnvl¥) = GuyY) for all y (13.1.1) 
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[This is different from the condition for a scalar, which is that S’(«’) = S(x).] 
At any given point the transformed metric is given by the relation 


Ox? Ox? 


1 (gt) = +e 
Iny(") aa ag S00! ) 

or equivalently 
6ae'? Gar’? : 
(x) = —- x 
Iny(2) aa a (2') 


When (13.1.1) is valid, we can replace g(x’) with g,,(z’) and so obtain the 
tundamental requirement for a form invariance of the metric: 
Ox’? Oxi'® 


Ge!" Gee” "ae 


Guyle) = o(2") (13.1.2) 


Any transformation « > 2’ that satisfies (13.1.2) is called an isometry. 

In general, Eq. (13.1.2) is a very complicated restriction on the function 
x’*(). It can be greatly simplified by descending to the special case of an in- 
finitesimal coordinate transformation : 


av’! = ah + e€¥(a) with |e] < 1 (13.1.3) 
To first order in ¢, Eq. (13.1.2) now reads 


oS 2 pace) + 
Oar 


BEN) a) + ema) ool) (13.1.4) 
Ox” 


ox* 


This can be rewritten in terms of derivatives of the covariant components 


bo = uss": 


9 = Me Hy ee E Ona | 


Ou? + oe ie Ox" Ou? Ox? 
_ 5 
a? i = ¢ ul pe 


or, more compactly, 
Os Cop + Spie (13.1.5) 


Any four-vector field €,(x) that satisfies Eq. (13.1.5) will be said to form a Killing 
vector’ of the metric g,,,(7). The problem of determining all infinitesimal isometries 
of a given metric is now reduced to the problem of determining all Killing vectors 
of the metric. Any linear combination of Killing vectors (with constant coefficients) 
is a Killing vector, so it is the space of vector fields spanned by the Killing vectors 
that really determines the infinitesimal isometries of a metric. 

The Killing condition (13.1.5) is much more restrictive than it looks, for it 
allows us to determine the whole function ¢,(a) from given values of €, and €,., 
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at some point X. To see this, we need only recall our formula (6.5.1) for the 
commutator of two covariant derivatives, 


Saiouk ~ Ceuta om — Rica (13.1.6) 
and the cyclic sum rule (6.6.5) for the curvature tensor, 


Rt + R+ 


op yap 


+ kt, =0 (13.1.7) 


pus 


By adding (13.1.6) and its two cyclie permutations, we find that any vector €, 
must satisfy the relation 


O= Cospsu ~ Sosusp oh Cusese -_ Cusoso at Spsuso = Spsosu (13.1.8) 


For a Killing vector, (13.1.5) and (13.1.8) give 


0= Sots ss Couse 7} Suspso 
and thus (13.1.6) becomes 
Cups = — Ria (13.1.9) 


Hence, given €, and €,,, at some point X, we can determine the second derivatives 
of €,(a) at X from Eq. (13.1.9), and we can find successively higher derivatives of 
é, at X by taking derivatives of Eq. (13.1.9). All the derivatives of €, at X will 
thus be determined as linear combinations of €,(X) and €,,,(X). The function €,() 
can then (when it exists) be constructed as a Taylor series in x* — X* within 
some finite neighborhood of X, and wilii-again be linear in the initial values €,(X), 
€,,,(X). Thus any particular Killing vector €,"(x) of the metric g,,(z) can be 
expressed as 


fp"(a) = A,Ma; X)E"X) + Bi (a; X)Ezy"(X) (1.1.10) 


where A,* and B,*” are functions that of course depend on the metric and on X, 
but do not depend on the initial values €,(X) and €,,,(X), and hence are the same 
for all Killing vectors. Each Killing vector ¢,(x) of a given metric is uniquely 
specified by the values of ¢,(X) and ¢,,,(X) at any particular point X. 

A set of Killing vectors €,"(x) is said to be independent if they do not satisfy 
any linear relations of the form 


¥¢,6,"(x) = 0 (13.1.11) 


n 


with constant coefficients c,. Equation (13.1.10) tells us that there can be at most 
N(N + 1)/2 independent Killing vectors in N dimensions. For consider any M 
Killing vectors €,"(x). For each n, there are N quantities ¢,"(X) and N(N — 1)/2 
independent quantities ¢7,,(X) [recall Eq. (18.1.5)], so we can think of the quan- 
tities €,"(X) and ¢%,,(X) as the components of M vectors in an N(N + 1)/2 
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dimensional space. If M > N(N + 1)/2, then these M vectors cannot be linearly 
independent, so they must satisfy relations of the form 


Dense(X) = Yeap X) = 


Equation (13.1.10) then tells us that the Killing vectors €,"(x) satisfy the relations 
(13.1.11) everywhere, and are therefore not independent ie vectors. 

This result is significant only because we defined independent Killing vectors 
as vectors that are not subject to any linear relations with constant coefficients. 
At some given point X in an N-dimensional space, any set of more than N Killing 
vectors will of course be subject to one or more linear relations such as (13.1.11). 
However, the coefficients c, in these linear relations need not be constant in x". 
The above theorem says that any set of more than N(N + 1)/2 Killing vectors 
will be subject to linear relations with constant coefficients. 

A metric space is said to be homogencous if there exist infinitesimal] isometries 
(13.1.3) that carry any given point X into any other point in its immediate 
neighborhood. That is, the metric must admit Killing vectors that at any given 
point take all possible values. In particular, in an N-dimensional space we can 
choose a set of N Killing vectors €,“(x; X) with 


E,M(X; X) = 6,8 


These are evidently independent, because any relation of the form ¢,¢,(«; X) = 0 
would at x = X imply that all ¢, vanish. 

A metric space is said to be isotropic about a given point X if there exist 
infinitesimal isometries (12.1.8) that leave the point X fixed, so that 24(X) = 0, 
and for which the first derivatives €,.,(X) take all possible values, subject only to 
the antisymmetry condition (13.1.5). In particular, in N dimensions we can choose 
a set of N(N — 1)/2 Killing vectors 42; X) with 


Ea; X) = —E,0 (a; X) 
EHX; X) = 0 


i 20%) = 6;°6," = 6,6," 
jx = X 


prea =| 
These are independent, because any relation of the form c,,é¢(x; X) = 0 with 
C,, = —¢,, would at X imply that ¢,, — ¢,, = 2c,, = 0. 

We shall also have to deal with spaces that are isotropic about every point. 
In this case there are Killing vectors (x; X) and €¥”(a; X + dX) that satisfy 
the above initial conditions at X and at X + dX, respectively. Any linear com- 
bination of these will be a Killing vector, and so 6é4'")(x; X)/@X? will also be a 
Killing vector of the metric. In order to evaluate this Killing vector at x = X 
we need only recall that €¢(X ; X) vanishes, and therefore 


é BE f(a; X) 6E, (a, X) 
0 = EX; X) = a 
axe o* | fe ax? Lay 5 axe | _y 
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This gives 
0 
eas E,UM (a; »)| = —6,"6 wo6 #6," 


It is now obvious that we can construct a Killing vector &,(x) that takes any 
t 


Hence any space that is isotropic about every point is also homogeneous. 

A metric that admits the maximum number N(N + 1)/2 of Killing vectors is 
said to be maximally symmetric. In particular, a space that is both homogeneous 
and isotropic about some given point X will admit the N(N + 1)/2 Killing vectors 
E(x; X) and €” (x; X). These Killing vectors are obviously independent, for if 
they satisfy a linear relation 


0 = e,€ (a; X) + ¢,,€%(a; X) 


then differentiating with respect to 2? and setting x — X gives c,, = 0, and 
setting « = X then gives c, = 0. Thus a homogeneous space that is isotropic about 
some point is maximally symmetric. It then also follows that any space that is 
isotropic about every point is maximally symmetric. 

We can also prove the converse, that a maximally symmetric space is necessarily 
homogeneous and isotropic about all points. If there are N(N + 1)/2 independent 
Killing vectors €,"(x), then we can think of the quantities €,"(X), €,,,"(X) as 
forming a square matrix, with N(N + 1)/2 rows labeled by n, and N(N + 1)/2 
columns labeled by the N values of p and the N(N — 1)/2 values of 2 and v with 
2 > v. Furthermore, this matrix must have a nonvanishing determinant, because 
any relation of the form 


>» Cn p(X) 77, > nS ary (X) =0 


would with (13.1.10) imply that >, ¢,€,"(z) vanishes, contrary to our assumption 
that these Killing vectors are independent. It must therefore be possible, for any 
“row vector’? with “components” a, and b,, = —0,,, to find a solution of the 
equations 

> a,6,"(X) = a, 


Y Fb uyv'(X) = byy 


| 
~ 


Hence we can find a Killing vector ¢,(x) for which ¢,(X) takes the value a, and 
€,;,(X) takes the value 6,,, by choosing 


Eye) = Yi d,g,"(@) 


n 


By? 
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But a, is arbitrary, so the space is homogeneous, and 0,, is arbitrary (except that 
bay = —b,,,), 80 the space is isotropic about X. 

As an example of a maximally symmetric space, consider an N-dimensional 
flat space, with vanishing curvature tensor. We can then choose Cartesian coor- 
dinates with a constant metric and vanishing affine connection. In this coordinate 
system, Eq. (13.1.9) reads 

Oey 
Ox? Ou? 
The solution is 
€ (x) =a,+ by ye” 


with a, and b,, constant. This satisfies the Killing vector condition (13.1.5) if and 
only if 


We can thus choose a set of N(N + 1)/2 Killing vectors as follows: 
EM(e) = 6," 
EOD (a) = S%at — 5 te” 
and the general Killing vector is 
Ele) = 60a) + b,,E0(a) 


The N vectors €((x) represent translations, whereas the N(N — 1)/2 vectors 
é04 represent infinitesimal rotations (or, for a Minkowski space, Lorentz trans- 
formations). Thus any flat metric admits N(N + 1)/2 independent Killing vectors, 
and is therefore maximally symmetric. 

Of course, not all metrics admit the maximum number of Killing vectors. 
Whether (13.1.9) is soluble for a given set of initial data €,(X), €,,,(X) depends 
on the integrability of this equation, which in turn depends on the metric. One 
integrability condition we shall use below follows from the general formula for 
commutators of covariant derivatives of tensors: 


A A 
Chiat, _ Catia = — Roa Sasn = RiavS ps4 


Equation (13.1.9) will satisfy this condition if and only if 


Rh oukasy a Ra isa a (Ra ousy “s Rowen 
= —BRe Can = Re epi 
or, using (13.1.5), 
[— Ri, 0% a Rie i Rios =f: Re One ase = [RE 2) = RE ale (13.1.12) 


These conditions are of course empty for a flat space, but in general they will 
impose linear relations among the ¢, and €,., at any given point. Alternatively, if 
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we know something about the Killing vectors admitted by an unknown metric, 
then we can use (13.1.12) to learn something about its curvature tensor. In this 
way, we shall be able in the following sections to deduce the form of a maximally 
symmetric metric from its isometries. 

It should be emphasized that the existence of a definite number of independent 
Killing vectors does not depend on a particular choice of coordinate system. If 
(x) is a Killing vector of a metric g,,(x), then by performing a coordinate trans- 
formation x" + «x'* we obtain a metric 


and, since (13.1.5) is generally covariant, this obviously has a Killing vector 


ema!) = OF" or(x) 
Ox 


If M Killing vectors ¢,,"(x) are independent, then so are the M Killing vectors 
€,""(x’), for any linear relation among the €”’ would imply a linear relation among 
the é". Thus the maximal symmetry of a given space is an inner property, not 
depending on how we choose the coordinate system. In particular, it follows that 
any space with vanishing curvature tensor is maximally symmetric; the converse, 
however, is not true. It is also easy to see that the homogeneity or isotropy of a 
given space is independent of the choice of coordinates. As far as these simple 
symmetries are concerned, we have accomplished the task laid out in the intro- 
duction to this chapter, that of describing symmetries of the metric in a generally 
covariant language. 


2 Maximally Symmetric Spaces: Uniqueness 


We now show that the maximally symmetric spaces are uniquely specified by 
a “curvature constant” K, and by the numbers of eigenvalues of the metric that 
are positive or negative. That is, given two maximally symmetric metrics with the same 
K and the same numbers of eigenvalues of each sign, it will always be possible to find a 
coordinate transformation that carries one metric into the other. Armed with this 
theorem, we shall be able in the next section to carry out an exhaustive study of 
maximally symmetric spaces by simply constructing such metries in one con- 
venient coordinate system. 

We showed in the last section that at any given point a in a maximally 
symmetric space, we can find Killing vectors for which &,(z) vanishes and for 
which €,.,() is an arbitrary antisymmetric matrix. lt follows then that the co- 
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efficient of €,,,(v) in Eq. (13.1.12) must have a vanishing antisymmetric part, 
that is, 
a a a a 
— Been + Rio =2 Reus a Rope 
Kosh x gh x Sh x sh 

= Regn + Rigg — Ropydy + Ripe (13.2.1) 
We also showed that at any given point x in a maximally symmetric space, there 
exist Killing vectors for which ¢,(x) takes any values we like, so (13.1.12) and 
(13.2.1) require that 


Rie eRe (13.2.2) 


We actually only need to use (13.2.1), because we have shown in the last section 
that a space that is isotropic about every point, and hence satisfies (13.2.1), must 
also be homogeneous, and hence must also satisfy (13.2.2). 

Our first step in the proof is to use Eq. (13.2.1) to derive a formula for the 
curvature tensor. Contracting k with p yields 


NRi,, t Ri, Rioy t Ree: Rey + RSs _ R, 56 
(Recall that Rf,, vanishes, — R§,, is the Ricci tensor R,,, and in N dimensions, 
6" = N.) Using the cyclic sum rule (6.6.5) and the antisymmetry of R?,,, we find 
(NV TS VRipey Ry Gao = Ee Giv (13.2.3) 
But this must be antisymmetric in j and p, so 
Ry Gis x. Re Gav = —R9Ip0 Te RyIov 
Contracting 1 with v, we find 
Rap ae NR,, = — RI + Rag 
The Ricci tensor thus takes the form 
1 
R,, = N Japa (13.2.4) 
Inserting this in (13.2.3) gives our formula for the curvature tensor 
R, 
Bipay N(N _ 1) {9 vpGa0 JopJavt (13.2.5) 


This formula satisfies (13.2.1), so there is nothing further to be learned from that 
condition. 

In a space that is isotropic about every point, Eqs. (13.2.4) and (13.2.5) will 
hold everywhere, and we can use the Bianchi identities to say something about 
the dependence of the curvature scalar R*, on position. Using (13.2.4) in (6.8.4), 
we have 


1 1 
O = [RY, — $0°,R'iI., = G - 3) (B14) .0 


2 Maximally Symmetric Spaces : Uniqueness 383 


or 


1 l\ 6 a, 
Oe (=) 13.2.6 
& 3) aur? eee 


Hence any space of three or more dimensions, in which (13.2.4) holds everywhere, 
will have R*, constant. It is convenient to introduce a curvature constant K in 
place of R’,, with 


Rt, = —N(N — DK (18.2.7) 


Using this in (13.2.4) gives the Ricci tensor and the Riemann-Christoffel tensor 


here as 


R,, = —(N — 1)Kg,, (13.2.8) 


Pipoy = KEG 509av ce IvpIaoh (13.2.9) 


In differential geometry a space with these properties is called a space of constant 
curvature. 

Incidentally, we showed in Section 6.7 that the curvature tensor in two 
dimensions is always of the form (13.2.5), so it is not surprising that in this case 
(13.2.6) does not allow us to draw any conclusions about the constancy of R*,. 
However, by using (13.2.2) one can show that the quantity K in (13.2.9) is also 
constant for maximally symmetric spaces of dimensionality N = 2. 

Now suppose that we are given two metrics g,,() and gi,(x’), both having 
the same numbers of positive and negative eigenvalues, and both satisfying the 
condition (13.2.9) for a maximally symmetric space, that is, 


Ripov = KGepGav — IvpGro) (13.2.10) 
Ripay = KGepGav ~ FrpTaa) (13.2.1) 


with the same curvature constant K. We shall show that g,,(”) and g,,(2’) must 
be equivalent, in the sense that there is a transformation x — x’ that converts 
In(%) into gi,,(2’), that is, for which 


Ox!" Aa!” 
(a) —— = = g(x 13.2.12 
Iu") ae? dat Iai) ( ) 


We shall prove this by actually constructing x'(x) as a power series in x". 
First, note that the equality in the numbers of positive and negative eigenvalues 
of g,, and g,, means that we can find a nonsingular matrix d“, for which 


Iny(O) ae, Bs = Yna(O) (13.2.13) 


(The argument here is the same as in Section 6.4.) Thus we can satisfy (13.2.12) 
to zero order in x with 


eh = dh ax? 


384 13 Symmetric Spaces 


Now we proceed by mathematical induction. Suppose that we succeed in satisfying 
(13.2.12) to order n — 1 in x* with a polynomial 


n 
a(n) = dtr +3 1 a, oP ts + Pm (13.2.14) 


\ 10 Pm 
m=2™. 


We want to add a term of order n + 1 in 2" so that (13.2.12) holds to order n. 
This condition will be satisfied if the derivative of (13.2.12) holds in order n — 1. 
that is, if 


O7a'# Ox’ ; (a) “ 67a’ Oar’# ~ (x 
aa? Ga* One aa? Gx* Gx? “*” 
Qo AI A t fot pe 
Ou!" O2'* Ox OY pry (# ) - OY pg (#) in order 2"~} 
Gx? Ga? Ox*  Ga'™ 6a? 
This will be satisfied if (and, in fact, only if) 
67a" 6a!” : ; 
ye’) = g4,( x 
Aw? dwt oar oan) Jor )T 4 9(2) 
Oa’® Ox!” O"™ ran : ne 
- Ce) BAC) in order a”~ + 


Ga? Gx? G2* *” 


This only needs to hold in order x — 1 in 2", so we can use (13.2.12), which was 
assumed to hold to this order, to convert it into an equivalent requirement 


67x!" - Ox’? T* (2) 6a!” Oa’ 
aa? Gx? ~— Ga®—*P ax Gx" 


a—1 


Dyk (a’) in order 
(13.2.15) 


We can use (13.2.14), which is correct to order x”, to calculate the term on the 
right-hand side of order x"~', Let us write the result as 


[aa"# r* (@) dx!” Oar* ree") 
| ae" - ex? da | nee 
1 BH o1 On-1 216 
= Ese Npopievegeih ee (13.2.16) 
the coefficients c{,... depending in a complicated way on the functions g,,(x) 


and g,,(z’) and on the previously determined coefficients d?... .,,. Then (13.2.15) 
will be satisfied in order n — 1 if we add to (13.2.14) a term 


ec Bled whagPaOh s+ og Pn—1 (13.2.17) 
(n + 1)! : 


[2"*(%) order n +1 = | pas ar 
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provided that the coefficient ch,,,...5,., is totally symmetric in all its lower 
indices. These coefficients are obviously symmetric under interchange of 4 and p 
or among the o,, indices, so the only condition that needs to be satisfied is that 
they are symmetric between / and any g,,, or equivalently, that the derivative of 
(13.2.16) with respect to a should be symmetric between 4 and oc: 


a ty 1K 
é (= Té (2) Oa'” Gx ru ) 


aa? \ Gar” Gx? Ga" 


~ Gx? Gar ™ 


0 [dx'" ax'” da'* 
=. Cp pe 
Oa? (= colt) 


rie “) in order 2"~? 


(13.2.18) 


Since (13.2.12) is assumed to hold to order x"~ 1, its derivative, Eq. (13.2.15), will 
hold to order #"~?, so we can use (1.2.12) and (13.2.15) to rewrite (13.2.18) as 
the equivalent requirement 


an IV AK Ae 
a x (2) = = =: = Rit (e’) inorder e""2—(13.2.19) 


Now for the first time we use Eqs. (13.2.10) and (13.2.11), which allow (13.2.19) 
to be replaced with the equivalent requirement 


Gx'* (a) Oa’ (x) 

aa S700) ~ age Bom 
Ou!” (Ox Oa!" q,(2’) Ox! Ox'* g! (x") in order a"~ 2 
ax? (a2 ax" VK 6a? 6x" vo ) 


(13.2.20) 


This condition is satisfied, because (13.2.12) was assumed to hold to order 2"~}. 
To recapitulate, this implies that (13.2.19) holds in order 2"~ 7, which implies that 
(13.2.18) holds in order 2"~?, which implies that the coefficients Cona1+ + -am OTe 
totally symmetric in their lower indices, which implies that (13.2.17) satisfies 
(13.2.15), which implies that by adding (13.2.17) to (13.2.14) we can satisfy (13.2.12) 
to order a". Thus, if (13.2.12) can be satisfied to order x"~'! by a polynomial a’ (x) 
of order n, it can be satisfied to order x" by a polynomial z’(z) of order » + 1, 
and therefore a function 2’(x) satisfying (13.2.12) exactly can be built up as a 
power series, as was to be proven. 


3 Maximally Symmetric Spaces: Construction 


Maximally symmetric spaces are essentially unique. so we can learn all about 
them by constructing examples with arbitrary curvature K in any way we like. 
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This is one rather obvious way to carry out this construction. (See Figure 13.1.) 
Consider a flat (NV + 1)-dimensional space, with metric given by 

— dt? = 9,4, dx4 de® = C,, de" du” + K~} dz? (13.3.1) 


where C',, is a constant NV x N matrix and & is some constant. We can embed a 
non-Euclidean N-dimensional space in this larger space by restricting the variables 
x" and z to the surface of a sphere (or pseudosphere) : 


KC, ata” + 2? = 1 (13.3.2) 


San Carles 
a al de Bariloche 
x=0 


Figure 13.1 Representation of points on a sphere by projection onto the equatorial 
plane. Note that two points on the sphere correspond to each projected point with 
given coordinates a!, 


On this surface, dz? is given by 


ahs. KC, a" dx”)? 
2 


z 


K7(C, 2" da’)? 


(1 — KC,,a"x") 
and therefore (13.3.1) gives 


K(C,,,x" da’)? 


—-d?t= Cy dat dx” + 
(1 — KC,,2°2") 


(13.3.3) 
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The metric is then 


Guv(&) = Cy + aC, ak (18.3.4) 
A flat space appears here as the special case K = 0. 

This construction makes it obvious that (13.3.4) admits an (N(N + 1)/2)- 
parameter group of isometries, for both the (N + 1)-dimensional line element 
(13.3.1) and the “embedding” condition (13.3.2) are manifestly invariant under 
rigid “rotations” of the (N + 1)-dimensional space, that is, under the trans- 
formations 


tt» a'* = Ra’ + Riz (13.3.5) 
zoe = Rizk + Bz (13.3.6) 


where the R4, are constants, with 


CyyR" BR’, + K~'R*,R?, = C,, (13.3.7) 
CyyR*,R”, + K7*R*,R?, = 0 (13.3.8) 
C,,RY RY, + K7'(R?,)? = Ko! (13.3.9) 


It is convenient to distinguish two classes of simple transformations satisfying 


(13.3.7)-(13.3.9): 
(A) RY,=@*, RY = Rt, =0) R= 1 (13.3.10) 


Zz BL z 


where #*, is any N x N matrix with 


Cy yR Bs = Ong (13.3.11) 
These are just rigid “rotations” about the origin: 
a? = RP a (13.3.12) 
(B) RY, =a" Rt, = ~KC, a” — RB, = (1 — KO,,a°a®)!? (13.3.18) 
RH, = 5", — 6KC, aha (13.38.14) 
where a" is arbitrary except that R?, must be real, that is, 
KC,,a’a? <1 (13.3.15) 
and 
1-1 — KO, aPaty/? paths 
b= : pot OI (13.3.16) 
KC ,,0°a" 
These are ‘‘quasitranslations,” with 
a’! = ot + a*[(1 — KC, a2)? — bKC,,2°a"] (13.3.17) 


In particular, these transformations take the origin 2" = 0 into a4. 
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The existence of isometries (13.3.17) that take the origin into any point (at 
least within a finite region) means that this space is homogeneous; any point is 
geometrically like any other point. (Our coordinate system hides this property, 
just as a polar projection map of the earth hides the fact that the curvature of 
the earth is about the same in Massachusetts as at the North Pole.) Also, the 
existence of isometries (13.3.10) that include all rigid “rotations” about the 
origin means that this space is isotropic about the origin. Since the metric is 
homogeneous, and isotropic about the origin, it is isotropic about every point, and 
maximally symmetric. 

We can construct the Killing vectors for this metric by letting the finite 


transformations (12.2.5). (12.2.6) approach the unit transformation. First. consider 


tTPANSiCrTrmations (ic.4.0}, (id.2.0) approacn the unit transformation, Hirst, consider 


the transformations (A), and let 
Be, = dy + oO, jel <1 
Cg", + Cp ,Q%, = 0 (13.3.18) 
Comparing with (13.1.3), the corresponding Killing vectors are 
E*o(2) = OF a” (13.3.19) 
Next, consider the transformations (B), and let 
a = sat, jel < 1 
Comparing with (13.1.3), the corresponding Killing vectors are 
4 () = oM[1 — KC, ata]? (13.3.20) 


The reader may check that (13.38.19) and (13.3.20) do satisfy the Killing con- 
ditions (13.1.5). There are N(N — 1)/2 independent parameters Q", [that is, N? 
elements Q”,, subject to the N(N + 1)/2 conditions (13.3.18)] and N parameters 
a, so this metric admits N(N + 1)/2 independent Killing vectors, verifying 
maximal symmetry. 

The geodesics of this metric take a remarkably simple form. From (13.3.4) 
we can readily calculate that the affine connection is 


= Kx"g,, (13.3.21) 


so the differential equation for a geodesic is 


12 pea 


a” 
dx? 


+ Kx =0 (13.3.22) 


The solutions are thus linear combinations of sin (t V K) and cos (t VK) for 
K > 0, or of sinh (t eee and cosh (t /-K) for K < 0. 


We can uncover the inner properties of this space by calculating the curvature 


3 Maximally Symmetric Spaces : Construction 389 


tensor; a straightforward computation using Eqs. (6.6.2) and (13.2.21) gives the 
Riemann-Christoffel tensor for the metric (13.3.4) as 


Rave = KIC. Cy — CE sel 
+ KL = KC,,0"«"}" 1 [Cygt Up <a Cpt yg + Cy pU Lg ~~ Cy g% Xx] 
(where X, = C,,X*), or 
Rayos mg El9ovIx0 4 IovIxo] 


in agreement with Eq. (13.2.9). Hence the constant K introduced in Eqs. (13.3.1) 
and (13.3.2) is the same as the curvature constant introduced in the last section. 

Since K is an invariant parameter, we cannot by a coordinate transformation 
convert the metric (13.3.4) into a similar metric with a different K. In contrast, 
Eq. (13.3.3) makes it obvious that by a linear transformation 


at = AM a 


we can convert the metric (13.3.4) into a similar metric with the same K and 
with C,, changed into 


Chy = APA Coe 


Our discussion in Section 3.6 shows that in this way C,,, can be changed into any 
real symmetric matrix we like, as long as we do not change the numbers of its 
positive and negative eigenvalues. Also, the numbers of eigenvalues of each sign 
of the matrix C',, are the same as for the matrix g,, at the point x = 0, and hence 
the same everywhere, since all points are equivalent. 

An N-dimensional metric that allows the introduction of locally Euclidean 
(as opposed, say, to Minkowskian) coordinate systems will have all its eigenvalues 
positive, so for K # 0 we can take C,, as |K|~ 1 times the unit matrix, in which 
case (13.3.3) becomes 


: 2 
ds? = K~} ax? re eal for K > 0 (13.3.23) 
eX 
or 
% 2 
ds? = |K|~! [a 3 | for K < 0 (13.3.24) 
+x 


For K = 0, we take C’,, as just the unit matrix, and (13.3.3) gives 
ds? = dx? for K = 0 (13.3.25) 


(We are using an obvious N-dimensional vector notation. Also, we have replaced 
— dt? with a proper length ds*, because for the moment we are doing geometry 
rather than physics.) Let us explore the global properties of these spaces. 

For K > 0, our most convenient approach is to go back to the interpretation 
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of (13.3.23) as the metric of the curved space embedded by Hq. (13.3.2) in the 
flat space (13.3.1); that is, (13.3.23) describes the surface 


xr4+27=1 (13.3.26) 
in the flat space with 
ds? = K~‘*[dx? + dz?| (13.3.27) 


Obviously this metric simply describes the surface of a sphere of radius K~ */? in 
an (N + 1)-dimensional Euclidean space. (To make the coordinates x and z 
truly Euclidean, we should define x’ = K~‘/?x and z’ = K~1/?z, in which case 
(13.83.26) reads x’? 4 2’? = K7~1.) Indeed, in two dimensions we ean introduce 


angular coordinates 0, g by: 


“x, = sin@ cos @ Xt, = sin@ sing 
and (18.3.27) then becomes the familiar line element on a sphere of radius K~ '/?; 
ds? = K~*[d@? + sin? 6 do”) (13.3.28) 


In general, the range of the variables x is 
xsl 


However, each x actually corresponds to two points, corresponding to the two 
roots of Eq. (13.3.26) for z. (For instance, in two dimensions the components of 
x are the coordinates of points on a sphere projected on a tangent plane; in a 
polar projection map of the earth, Bosion will appear ai the same point as San 
Carlos de Bariloche, Argentina.) The volume of the N-dimensional space described 
by (13.3.23) is therefore 


= dx,:++dx 
Vy =2 Vg dx,+--dty = 2K7~NI? ce ao 
N = J aX, N bie x ]1/2 


A straightforward calculation gives 


aq Nt 19/2 


= ____ KNB (13.3.29) 
T((N + 1)/2) 


N 


For instance, V,; = 2nK~1‘/?, which is just the perimeter of a circle of radius 
K~1/?, and V, = 4nK~1, which is just the area of a sphere with radius K~'/?. 
A three-dimensional space of constant positive curvature has the volume 

V, = 2n7K~ 3/4 
We can also calculate the circumference of such spaces, using for the geodesics 
the solutions of Eq. (13.3.22), which now reads 

d?x 


is + Kx =0 (13.3.30) 
S 
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The solutions that pass through the point x = 0 are 
x = e sin(sK1/?) (13.3.31) 
where, in order to satisfy (13.3.23), 
e=1 (18.3.32) 


As we go out along a geodesic from the ‘“‘North pole” x = 0, we reach the “equator”’ 
x =e at s = tK~1/?/2, we reach the “South pole” x = 0 at s = 1K~1/?, we 
reach the opposite point x = —e of the “equator” at s = 3nK~'/?/2, and we 
return to our starting point at s = 21K *‘/?. Thus the distance from any point 
around the whole space and back to itself along a geodesic is 


L = 2nK7~ 1/2 (13.3.33) 


for spaces of constant positive curvature and arbitrary dimensionality. This 
calculation shows very clearly that the space described by (13.3.2) is finite, but 
it is not bounded; when we come to the apparent singularity at x? = 1, we con- 
tinue right through, but with z given by the root of Eq. (13.3.26) of opposite sign. 

For K < 0 the metric (13.3.24) does not even have an apparent singularity, 
and there is nothing to restrict the coordinates x to any finite range. This can be 
seen even more definitely by calculating the geodesics, which are now given by 
Eqs. (13.3.30) and (13.3.24) as 


x = e sinh (s(— K)1/?) (13.3.34) 
e=l1 (13.3.35) 


We can obviously go out along this geodesic an unlimited distance from the 
origin. For N = 2, this space is just that discovered by Gauss, Bélyai, and 
Lobachevski. [See Section 1.1. In order to put the metric in the form (1.1.9) 
of Klein’s model, it is necessary to introduce a new set of coordinates x’', defined 
by x’ = x(1 + x?)71/?.] We see from (13.3.1) and (13.3.2) that this geometry 
describes the surface 


—x? 422 =1 (13.3.36) 
in a flat space, with 
ds? = |K|~+[dx? — dz?| (13.3.37) 


The minus sign in (13.3.37) means that this flat space is not Euclidean. It is there- 
fore understandable that the Gauss-Bélyai-Lobachevski geometry could not be 
discovered until geometers had learned to think of curved surfaces, not as sub- 
spaces of an ordinary Euclidean space, but as spaces characterized by their own 
inner metric relations. 
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Finally, let us return to space-time, and consider the structure of a four- 
dimensional maximally symmetric metric with three positive and one negative 
eigenvalue. In this case, we can set 


Cay = Nay (13.3.38) 
and the metric is 
K(x- dx — tdt)? 


— dt? = dx? — dt? + : 
1 — K(x? — #?) 


(13.3.39) 


For K > 0, we can introduce coordinates in which the metric appears spatially 
flat, by setting 


72; 12 

t e? ir eosh(K1/7#) 4 (1 4 Kr sinh(K1/24") 
VK 2 2 

x’ exp(K1/?#’) (13.83.40) 

Then (13.3.39) becomes 


Il 


x 


dt? = dt’? — exp(2K'/7t’) dx? (13.3.41) 
We can also introduce coordinates in which the mctric anvucars time-indenendent 
We can also introduce coordinates in which the motric appoars time-independent, 
by setting 
” , i 12 1/2) 
ati — OK? In [1 — Kx’? exp(2K*/*i’)] 
x” = x’ exp(K 1/4’) (13.3.42) 
Then (13.3.41) becomes 
K(x" % dx”)? 
dt* = (1 — Kx"?) dt"? — dx"? — ~~ 13.3.43 
( ) 1 By ( ) 


This metric was first discussed in this form by deSitter;? it will provide the basis 
for our treatment of the steady state cosmology in Chapter 14. 

Once again, it should be stressed that the maximally symmetric metric 
(13.3.4), although derived by an apparently arbitrary procedure, actually repre- 
sents the most general possible maximally symmetric metric, because the unique- 
ness theorem of the last section tells us that any other maximally symmetric 
metric can be converted into the form (13.3.4) by a suitable coordinate trans- 
formation. 


4 Tensors in a Maximally Symmetric Space 


The assumption of maximal symmetry can be applied, not only to the metric 
of a space, but to any tensor fields that inhabit the space. A tensor field Dives Ss 
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is said to be form-invariant under a transformation x > 2’ if T/,...(x’) is the 
same function of its argument x" as T',,.. .(«) was of its argument 2", that is, 

Tiy- AY) = Tyy..y) for all y (18.4.1) 
At any given point, the transformed tensor is given by the usual formula 


1p to 
_ Oa? Ox? a, 


T y...(#) = — oe (a 
¢ ” Oa Oa” 7 @) 
so the form-invariance condition (13.4.1) reads 
Oar’? Ox’? ‘ 
Tay. (%) = oF os -1* Dog. (2') (13.4.2) 


For an infinitesimal transformation 
av'h = aot +4 cé*(x) je| <1 
the condition (13.4.2) becomes, to first order in e, 


aE"(#) ag 2 
= Ty. ..(%) + ax” Page EE ON eT gi 


. (x) 
(18.4.3) 


(Lhat is, the Lie derivative of 7',,... with respect to é* vanishes; see Section 10.9.) 
A tensor in a maximally symmetric space, which satisfies (13.4.3) for all N(N + 1)/2 
independent Killing vectors *(x), will be called maximally form-invariant. 

For a scalar S(x), Eq. (13.4.3) reads simply 


F) 
(2) a S(z) = 0 (13.4.4) 


If the scalar is maximally form-invariant, then (2) can at any given point be 
chosen to have any value we like, and (13.4.4) therefore requires that S be constant: 


pelea §) (13.4.5) 
For any other maximally form-invariant tensor, it is convenient first to 


choose a Killing vector €*(x) that at a given point X satisfies 
c(X) = 0 
and for which the quantities 


x O¢?(x) 
= xX Sa 
Coal ) Iaol ) ( a i 
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form an arbitrary antisymmetric matrix. Equation (13.4.3) then reads, at « = X: 
O= Geilo ge wt SE cs Ae ee “} 


Since €,., is an arbitrary antisymmetric matrix, its coefficient must be symmetric 
ing and t: 


CS SO Se ee A oo ne 
(13.4.6) 


Since X was arbitrary, this must hold everywhere. 
For a maximally form-invariant vector A (x), Eq. (13.4.6) reads 


O,A® = df At 
Contracting t with yt, we find that in NV dimensions 
NA° = A® 
so, except for the trivial case N = 1, we must have 
Av =0 (13.4.7) 
For a maximally form-invariant tensor B,, of second rank, Eq. (13.4.6) reads 
5,°B’, + 6,°B,” = 6,°BY, + 0°,B," 
Contracting t with p gives 
NB’, + B,? = B’, + 6°,B," 


or, lowering the ¢ index, 


(N — 1B, + Bye = GoyB," (13.4.8) 
Subtracting the same equation with v and g interchanged yields 
(N — 2)(B,, — By) = 9 
so as long as N # 2, the tensor B,, must be symmetric: 
B,, = By, (13.4.9) 
(In two dimensions, B,, can have an antisymmetric part proportional to g™ a ae 


see Section 4.4.) Using (13.4.9) in (13.4.8) gives now for N > 3 (and for the 
symmetric part of B,, for N = 2) 


Be Fe (1.4.10) 


Q 
< 


where 


1 
yer 


oo, 
IH 
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To determine the dependence of f on the coordinates, we can use (13.4.10) back 
in the form-invariance condition (13.4.3): 


og? og? , 0 
0= — + flue +O = ‘ 
ayn toy aa é Pe (9 uy) 
But 9,,. satisfies the Killing condition (13.1.4), so this becomes 
of 
_ A 
0 = GuyE aa 


In a maximally symmetric space we can at any given point choose ¢* to have any 
value we like, and therefore 
LG (13.4.11) 
x4 
Thus the only maximally form-invariant tensor of second rank 1s the metric tensor, 
times a possible constant. 


5 Spaces with Maximally Symmetric Subspaces 


In many cases of physical importance, the whole space (or space-time) is not 
maximally symmetric, but it can be decomposed into maximally symmetric 
subspaces. For instance, a spherically symmetric three-dimensional space can be 
decomposed into a family of spherical surfaces centered on the origin, each of 
which is described by a metric of the form (13.3.28). Also, in Chapter 14 we shall 
deal with space-times in which the metric is spherically symmetric and homo- 
geneous on each “‘plane”’ of constant time. 

We shall see here that the maximal symmetry of a family of subspaces imposes 
very strong constraints on the metric of the whole space. In order to state and 
prove these results, let us first adopt a suitable coordinate system. If the whole 
space has N dimensions and its maximally symmetric subspaces have M dimen- 
sions, then we can distinguish these subspaces from each other with N — M 
coordinate labels v*, and locate points within each subspace with M coordinates 
u'. Some illustrations are given in Table 13.1. 


Table 13.1 Examples of Spaces with Maximally Symmetric Subspaces 


Example v-Coordinates u-Coordinates 
Spherically symmetric space r 6,9 
Spherically symmetric space-time rit 0, 9 


Spherically symmetric and 
homogeneous space-time t 1,09 
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We say that the subspaces with constant v* are maximally symmetric if the 
metric of the whole space is invariant under a group of infinitesimal transforma- 
tions 


uiaui = ui + eeu, v) (13.5.1) 

va v4 =v" (13.5.2) 
with M(M + 1)/2 independent Killing vectors €'. These are transformations of 
the general form (13.1.3), but with the special feature that the v’ are invariant, so 
that 


E(u, v) = 0 (18.5.3) 


Note that, although thesc transformations affect only the u-variables, there is no 
reason why the transformation rules cannot depend parametrically on the labels 
v* of the particular subspace being transformed. Also, our statement that there 
are M(M + 1)/2 “independent” Killing vectors should be construed to mean that 
there are M(M + 1)/2 Killing vectors that are not subject to any linear relations 
with w-independent coefficients. 

The general result that governs the structure of such spaces is contained in 
the following theorem: It is always possible to choose the u-coordinates so that 
the metric of the whole space is given by 


— dt? = g,, dx" dx” = gay(v) dv" dv? + flv)g,;(u) du’ du/ 
(13.5.4) 


where g,,(v) and f(v) are functions of the v-coordinates alone, and g; (u) is a function 
of the u-coordinates alone that is by itself the metric of an M-dimensional max- 
imally symmetric space. (The summation convention is in force, with a, b,... 
running over the N — MM labels of the v-coordinates, and i,j, k, l,... running 
over the M labels of the u-coordinates.) 

To begin our proof, we set down the condition that (13.5.1) is an isometry of 
the whole metric g,,(x). It is convenient to use this condition here in its original 
form (13.1.4) rather than in the more elegant covariant form (13.1.5). Hach index 
1 vp... in (18.1.4) now runs over the NY — M coordinate labels of the v” and the 
M coordinate labels of the u‘, so (13.1.4) now yields three separate equations: 
For p = i,a = j we have 


eu, v) ag*(u, v) 09; (u, v) 
0= Tage Jp jl, ¥) + re Guilt, V) + E*(u, v) Cae 
(13.5.5) 
for p = i,g = awe have 
k k 
O= ae", ”) Tua(%s 0) + i) Gix(tty 0) + Xu, v) OB %) 
out Ov? ou 


(13.5.6) 
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and for p = a,o = b we have 


ek k 
ares) Just, v) + oe'(u, ») Tualt, v) + E(u, v : 


0 
dv" dv? ou 


(13.5.7) 


Of these three equations, the first simply tells us that g;,(w, v) must, for each 
fixed set of v*, be the metric of an M-dimensional space, with coordinates u', 
which admits the Killing vector €'. We assume here that there are M(M + 1)/2 
such independent Killing vectors, so this means that the submatrix g,,(u, v) is by 
itself a maximally symmetric metric for each set of fixed v*. According to the 


arguments of Section 13.1, it also follows that at any given point wy we can find 
Killing vectors €*(w, v) for which €*(wo, v) and €,,;(Wo, v) take arbitrary values, 
subject only to the requirement that €,,, = —€,,,- Thus the metric g;,(w, v) is for 
each v both homogeneous in u and isotropic about any point. 

The other two equations contain information about the other elements g,; 
and g,,, and also about the v-dependence of the Killing vectors. (This v-dependence 
is not entirely arbitrary. For instance, it is true that by redefining the u-coordinates 
we can always arrange that the metric g;;(w, v) has v-independent Killing vectors 
&(u), but the Killing vectors €'(u, v) of the whole space will then in general be 
linear combinations of the E(w), with coefficients that can depend on the »-co- 
ordinates.) In order to disentangle the different information contained in (13.5.6) 
and (13.5.7), it is extremely useful to choose a new set of coordinates w''(u, v) of 
the maximally symmetric subspaces, so that gj, vanishes. Suppose for a moment 
that we can find a function U*(v; u,) that satisfies the differential equation 


GilU, v) x = -9;,(U, 2) (13.5.8) 
with the initial condition that 
U*(v93 Up) = Uo" (13.5.9) 
at some point v9‘. The coordinates u'!, v’* are then defined by 
wi = Ul(y's u’) (13.5.10) 
ve = v4 (13.5.11) 


Tn this coordinate system, the metric has 


bar on Owl Buk ) ou! as 
Jia’, ) = aul ov’ Iixlt, ¥) + au’i 9 q(t. v) 
Tendo aat Kat. , 
00 se) JOT 8) GT, 0) + gual, 8) 
oul dv’? 


and thus (13.5.8) gives 
Jia = 9 (13.5.12) 
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Thus we can construct u’-coordinates in which g;, vanishes, if we can find solutions 
of the differential equation (13.5.8) with arbitrary initial conditions (13.5.9). 
We can rewrite (13.5.8) in the equivalent form 
ou* 


a 


= —F*(U, v) (13.5.18) 


where 
F* (U, v) = 9 (U, v)9;,(U, v) (13.5.14) 


and g’/ is the matrix reciprocal to g,,, that is, 
Fign = 6 (13.5.15) 


(The bar is to remind us that the ij-element g'/ of the matrix reciprocal to g;; is 
not the same as the ¢j-element g‘/ of the matrix g"” reciprocal to g,,.) When there 
is only one v-coordinate, as will be the case in our chapters on cosmology, it is 
obvious that (13.5.13) can be solved with arbitrary initial conditions. In the 
general case, we shall have to do some work to prove that (13.5.13) is integrable. 
Our method is the same as in Section 13.2; we try to solve (13.5.13) in a neighbor- 
hood of vg with a power series in v — vo: 


ie] 1 
UF aY ~ 68g... g,(v — U9) +++ (V = %)™ (13.5.16) 
n=0 n! nm 
Clearly the initial conditions (13.5.9) are satisfied if we choose the n = 0 co- 


efficient as 


ck = ug! 


and. Kq. (13.5.13) is satisfied to zero order in v — vy if we choose 

Ca = —F (uo, %) 
Now, proceeding by mathematical induction, suppose that we are able to choose 
the terms in (13.5.16) up to order (v — v9)" so that (13.5.18) is satisfied to order 
(v — v9)"~'. Then we can use these terms to calculate the term in F*,(U, v) of 
order (v — vo)". Let us write this term as 


[FFU (0; to), Wbortsen = ~ fy agl — Vo)! == (” 9) 
v7 


j vad, 
Then (13.5.16) will satisfy (13.5.13) to order (» — vo)" if we choose the term in U 
of order n + 1 as 
1 
UF (v3 Ug) nga = ———— Ts, . (0 — V0) "(@ — U9)Pte +> (v — v9) 

[UNS to) n+ Gk pit bal 0) “( 0) ( 0) 
providing that f is symmetric in all its subscripts. Since f‘,,...,, can obviously be 
chosen symmetric in the 6’s, it is sufficient to require that it should also be sym- 
metric between a and any b, or equivalently that 


E FEU (0; tg), 0] 


b 
dv lordern—1 
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should be symmetric in a and b. But U is assumed to satisfy (13.5.13) to order 
(v — v9)" *, so this condition is satisfied if 


Kk 14 
ee) Ri, yg. OF* (u, 2) 
du! de |, -u(wsua) 


is symmetric in a and b. We thus conclude that (13.5.18) is integrable if 


OF * (u,v) 
ou! 


= OF* (u, v) ae OF * (a, v) F! (u v) aa F* (u,v) 
dv? ou! oe dv 
(13.5.17) 


F E(u, v) 


for all wu, v. 
Tn order th prove that, (13.5.17) is indeed satisfied, we return to the Killing 


vector condition (13.5.6). Multiplying with g'’, we have 


ae! ~in OG™ sitck Jia 
ov" me g oui Ima g € bu* 


ail 


Also, multiplying (13.5.5) with gj” - 9/™ gives 


arm fas ee 
ail US qim YG kaila jm CY ij 
we 4 gl -= —€ J ij 
Tut bul oF aut 
= ee Og” 
ouk 
so 
ac! ai ae! k og kab 09 ma 
pa gy” Syl me é oak Ime og” aa 
Recalling (13.5.14), we can write this as 
I 1 
F F 
OC Pie ee Os (13.5.18) 
ov" oul duk 
Now differentiaie with respect to v?; this gives 
OE righ SO fOEN OPI OE OEP ye OR, 
év? dv" “ dul \ dv? av? dui dv? Gu* dv? duk 


or, using (13.5.18) on the right-hand side, 
ete ad F, OP py OR OEY. gp CP de py OF oe 
dv? dv" ©” aud Gui “dus dui * éuk dui * Out Gul 

aF!, ac! Fi OF',0€* OF*,éF',,,  @7F' 

av? dui aut dui" Gut aut av? du* 


+ 
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But this must be symmetric between a and b, so 


0 Pt i OF, OF, pe 


dus » aud dv? av" { du! 
efop OF, pi OF, | aM, Or! oF, ar’, 
du Gus Ouk dul du® ui éu® dui 


(13.5.19) 


_ er, OF, eh 
dv? duk — dv® duk 


We have already remarked that our assumption that there are M(M + 1)/2 
independent Killing vectors allows us at any given point to find Killing vectors 
for which €* vanishes and for which €,,; = gy; 0¢'/Ou’ is an arbitrary antisymmetric 


matrix. In particular, we can at any given point choose €! so that 
fk = 0 


ae! 
Git ba! 


Casi = S km in Sn9 im 


Hence multiplying (13.4.19) with g,; and setting k = n ¥ m, we find that 


me im m im 
pi Oe, pi Oe OF™, OF", 
a ; b oe 
out Cul Ov" av? 
which is just the desired relation (13.5.17). The coefficient of €! in (18.5.19) must 


also vanish, but we do not need this information here. 

To return now to the main line of our proof: Having proved (13.5.17), we 
know that (13.5.13) is integrable, so we can construct the coordinates u’!, v’4 
defined by (13.5.10) and (13.5.11), in which the metric components gj, vanish. 


Let, us do so, and drop the primes, so that now 
Jia = 9 (13.5.20) 


The Killing vector conditions (13.5.6), (13.5.7) now read 


ack 
0= 9m (13.5.21) 
0 = ek Sap (13.5.22) 
ou* 


Since g;, is nonsingular, it follows from (13.5.21) that 


k 
ae =0 (13.5.23) 
Uv 
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Also, we have noted that at each point we can find Killing vectors for which ¢* 
takes any arbitrary value, so the coefficient of €* in (13.5.22) must vanish: 


Fav 
=v =0 13.5.24 
Auk ( ) 


It only remains to show that g;,(u, v) is v-independent, except for a possible 
factor f(v). We use the fact that for any fixed vy there are M(M + 1)/2 independent 
Killing vectors of g;,(w, v9) that, according to (13.5.23), are also Killing vectors 
of g,;(u, v) for any v. Each one of these Killing vectors €'(w) will then satisfy 


13 5.5) atv = v and for ceneral 2: 


fa} ki, é k Ad.. : 
ue a Gu jlUs %) + wa Jui, Yo) + E(w) eu ve! 
ack ack BG 4s{th 
0= ae usltts ®) + ao sult, v) + Eu) Bul *) 


We can interpret these two equations as saying that g,,(w, v) is a maximally form- 
invariant tensor [in the sense of Eq. (13.4.3)] m the maximally symmetric space 
with metric g;;(u, vg). It follows then, according to Eqs. (13.4.10) and (13.4.1), 
that the tensor g;;(w, v) is proportional to the metric g;;(w, v9), with a u-independent 
coefficient: 


Gii(Us v) a fe, Vo )gii(U, Up) 


The valve of vg can be fixed in any way we like, so we can suppress the label vp, 
and write this as 


Gigs ¥) = f(r)G,,(%) (13.5.25) 
with 
flv) = f, %) — Gijl4) = Gij(u, Yo) (13.5.26) 


Putting together (13.5.20), (13.5.24), and (13.5.25) now shows that the metric 
Iuy(%, ¥) does have the form given by (13.5.4), and (13.5.26) and (13.5.5) with 
v = Up show that g;,(w) is a maximally symmetric metric, as was to be proved. 

This theorem could also have been proved under the apparently weaker 
assumption, that the whole space can be decomposed into subspaces that are 
isotropic about every point. This assumption medins that any point wo, v we can 
find Killing vectors of the whole space with 7 = 0, for which & vanishes at 
Uo, v, and for which €;,, at wo, v is an arbitrary antisymmetric matrix. In par- 
ticular, we can find M(M — 1)/2 Killing vectors €™(u, v; wo) with 


U a 
EXOM(U, V5 Uy) = 0 


ECM (u, v5 Wo) = — E(u, v5 Uo) 
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for which 


k( im) 7 
ELP (uo, V5 Uo) = Gixlto, %) gee So) 
i ou! u=uo 


= 6,'5" aa: 5;"6;' 
We can then define 


wd) = 2 enti 
é (u, v Uo) = 3 6 (uw, v Uo) 
Uo 
FORA TS SERA EOD SFC IIIRY lt A, PAWNS Tdeen Me 1k GAP Ma eeecee hy iret” bee hy Seg epg Eee at eed ee a Phas: Me 
ala tne ale UIeILts OL SCCLION 16.1 SHOW Ulla Ulloese af SST J VECLOrs OF LiKe WILLE 
space, with 
E(u, v3 Up) = 0 
and with 
cD +t) = — 1 au. v 
(Ug, V3 Ug) = wo! 


The existence of the M(M + 1)/2 independent Killing vectors €™ and €# 
shows that the space does have maximally symmetric subspaces after all. 

In all cases of practical importance, the maximally symmetric subspaces are 
spaces, as opposed to space-times, so all eigenvalues of the submatrix g,, are 
positive. In this case, we can use (13.3.23), (13.38.24), or (13.3.25) to evaluate 
g;; qu! du/, and (13.5.3) then gives 


- du)? 
— dt? = g,,(v) dv% dv? + flv) Sau? + aed (13.5.27) 
l 1 - ku? { 
where f(v) is positive and 
+1 if max. sym. subsp. has K > 0 
k=<—-1 if max. sym. subsp. has K < 0 (13.5.28) 


0 if max. sym. subsp. has K = 0 


[We have absorbed the curvature constant |K|~! appearing in (13.3.23) and 
(13.3.24) into the function f(v).] Let us now use this formula to treat the special 
eases listed in Table 13.1: 


(A) Spherically Symmetric Space. Suppose that the dimensionality of the 
whole space is N = 3, that all eigenvalues of its metric are positive, and that it has 
maximally symmetric two-dimensional subspaces with positive curvature. Then 
there is one v-coordinate, which we can call +, and two u-coordinates, which we 
can replace with angles 0, @ defined by 


2 


ut =sinOcosp wu’? =sin@sing (13.5.29) 
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Eq. (13.5.27), with k = |, then gives 
ds? = g(r) dr? + f(r) {d0? + sin? 0 dp?} (13.5.30) 
with f(r) and g(r) positive functions of r. 


(B) Spherically Symmetric Space-Time. Suppose that the dimensionality of 
the whole space-time is N = 4, that three of the eigenvalues of its metric are 
positive and one is negative, and that it has maximally symmetric two-dimensional 
subspaces whose metric has positive eigenvalues and positive curvature. Then 
there are two v-coordinates, which we can call r and #, and two u-coordinates, 
which can be replaced with # and ¢ as in (13.5.29). Eq. (13.5.27), with k = 1, 
then gives 


— dr? = 4,7, t) dt? + 29,(7, t) dr dt + g,,(7, t) dr? 
+ flr, t) {d0? + sin? 6 de?} (13.5.31) 


where f(r, #) is a positive function and g; (7, ¢) isa 2 x 2 matrix with one positive 
and one negative eigenvalue. 


(C) Spherically Symmetric Homogeneous Space-Time. Suppose that the dimen- 
sionality of the whole space-time is N = 4, that three of the eigenvalues of its 
metric are positive and one is negative, and that it has maximally svmmetric three- 
dimensional subspaces whose metric has positive eigenvalues and arbitrary curva- 
ture. Then there is one v-coordinate and three u-coordinates, and (13.5.27) gives 


where f(v) is a positive function and g(v) is a negative function of v. It is very 
convenient to define new coordinates t, v, 0, p by 


[- g(v))/* dv =t 


1 = rsin 0 cos ~ 


=rsin@ sino 


r cos 0 


{il 


We then have 


where R(t) = V flr). 

The first two examples show how it is possible to capture the essence of 
spherical symmetry by giving a qualitative description of a space or space-time 
in terms of dimensionalities, signs of eigenvalues and curvatures, and the maximal 
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symmetry of its subspaces. The metrics (13.5.30) and (13.5.31) are just what we 
would have expected on more elementary grounds; indeed, (13.5.31) was our 
starting point in Section 11.7. 

On the other hand, our third example leads to a result that could not easily 
have been anticipated. It is true that Eq. (13.5.32) was already derived in Section 
11.9 as the metric inside a sphericaiiy symmetric coliapsing star of uniform density 
and zero pressure. The beautiful new thing we have learned in this chapter is that 
this metric can be derived solely from the assumption of homogeneity and 
isotropy, with no use of the Einstein field equations. 
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